We argue that for f (R) = R + αR n model of the early universe, the de Sitter point appears as partial attractor for phantom paths. The phantom trajectories then bend their way to the oscillatory period passing near the de Sitter saddle point. Surprisingly, this vicinity is minimized for 1 < n ≤ 3 where a trajectory could cross the phantom border tangential to the de Sitter point. The only integers in this interval are 2 and 3 where n = 2 reproduces also the most acceptable f (R) model of inflation with strong motivations from quantum theory and also avoiding the vacuum meta-stability. Therefore, one may ask about a possible phantom pre-inflationary scenario. Combining with the increasing chance of falling in a phantom era in our time, proposing a singularity-free cyclic universe seems appealing, too. We use the dynamical system approach throughout this work which allows us to provide numerical support for the analytical discussions.
Introduction
Having weird properties, phantom-like cosmology [1, 2] has received less attention in the mainstream of cosmology. But recently and particularly after Planck elaborate results, it is impossible to ignore phantom energy, since it is currently the most probable equation of state [3, 4, 5, 6, 7, 8] . Of course, this privilege is very marginal since quintessence and dark energy still have enough chance to be the dominant energy in the recent era. The first candidate to realize the phantom energy is a scalar degree of freedom with the wrong sign of kinetic term [1] . This possibility has been disfavored for many reasons including the negative norm, negative probability, unboundedness, and instability [9] . The next possibility is a non-minimally coupled quintessence [10] which in fact reduces to Brans-Dicke theory [10, 11] . On the other hand, there are attempts to adapt f (R) models [11] to explain late time accelerated expansion [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] . These authors try to produce a prolong unstable matter dominated era ending with a stable expanding dark energy era.
Here in this paper, we employ the same mechanism to argue about the early time trajectories. There is a fact about phantom energy domination which makes it undesirable for inflationary or pre-inflationary modeling; there is no chance for a single scalar field with negative kinetic term to pass the w = −1 threshold. Therefore, a hybrid mechanism is needed to impose a successful exit from phantom era to standard cosmology [23, 24] . To realize this hybrid water fall mechanism, an additional scalar degree of freedom has to be proposed [23] . We aim to omit this additional degree of freedom by introducing a self-guiding exit corridor in a typical f (R) inflation.The possibility of phantom crossing in f (R) models has previously been explored [25, 26] but such studies have mainly focused on late time phantom crossing (where the universe crosses the border to enter the phantom era) and use more sophisticated language. Instead, our study is simpler, more decisive and delivers a clear discussion about phantom origin of inflation in f (R) modified gravity. Moreover, using the dynamical system method [13] allows us to furnish the analysis with elusive numerical plots. We mainly use dynamical systems to estimate the cosmological trajectories. In our analysis, contrary to the late time, we can ignore matter and radiation contributions, which are not present on the scene until reheating or preheating processes do their quantum job. Ignoring radiation and matter for the very early time, we invoke a two dimensional dynamical system and the immediate advantage is plotting much illusive two dimensional planar phase portraits. The result is that in the mentioned situations de Sitter expansion never appears as a stable point, instead it could be a saddle or an unstable fixed point. For the unstable case, one requires the initial point to lie near the de Sitter fixed point, and the paths which have started from the phantom region cannot reach this standard inflationary region. On the other hand, a saddle point provides an interesting conditions in which a phantom path could get very close to the de Sitter fixed point and then finding its way toward the oscillatory fixed point. In our analysis, we do not discuss reheating and preheating processes, and our survey ends when the Ricci scalar approaches the R = 0 fixed point since this point is assumed as the starting point for the reheating process in general f (R) theories [27, 28, 29] .
We have a main reason for ignoring preheating and reheating in our study. First of all, there are many uncertainties about the preheating and reheating and researches always remain in a very general view of decaying the inflaton in its local minimum into the bosonic and fermionic particles and anti particles, ending with a thermalization process [30] . From this point of view, preheating and reheating processes have quantum origin and therefore stand out of the scope of our paper. Instead, in our study, we track the universe dynamics in phantom region, de Sitter point and oscillatory period which the latter provides the necessary oscillatory conditions for reheating or preheating stages [27, 29] , while at the oscillatory fixed point the exponential expansion is finished and interactions have opportunity to do their job for the first time. Since our study claims to introduce a clear picture of the possible scenarios, we try to avoid unnecessary complications to remain clear and decisive. Of course, in a more general discussion, we will show the compatibility between phantom behavior and the Starobinsky model [31] .
From an independent point of view, considering a cyclic behavior for the Universe [32] , requires concern about the entropy blow up of the cycles [33] . Dark energy may provide a way to overcome this problem by moving all constituents of the universe out of the causal patch and set the entropy to zero [34, 35] . Still any cyclic scenario tries to accommodate big crunch as a necessary end part of a cycle. We have a simple claim; It is now accepted that the arrow of time is an scale dependent concept. Although the Boltzmann's suggestion that initial conditions break the time symmetry in microscopic systems is applicable in quantum systems [36] , it is possible to manipulate the arrow of time by means of the second law of thermodynamics and initial conditions [37] . In the macroscopic scale, a wormhole could realize the time traveling in the case of violating second law of thermodynamics and energy conditions [38] . The phantom era has the same role on cosmological scales [39, 40] since the entropy decreases during such an era. Dark energy or quintessence [41] need big crunch to fulfill cyclic universe since neither has the ability to increase the energy density during expansion. Cyclic Universe receives some motivations from brane cosmology as a modern hypothesis [40] . So it is a natural idea to search for the conditions in which a cyclic cosmology happens in the presence of phantom era. There is no need for big crunch since a phantom epoch increases the energy density while decreasing the entropy inside a causal patch. Very surprisingly, our study shows that such a condition is in accord with the most promising inflationary f (R) model, i.e. the Starobinsky model. There are still much to be learned about the phantom era, even some studies try to explain it as a quantum system which lays out of our classical scope of this research, but opens the window for thinking about a possible cyclic universe. As mentioned earlier, there are attempts to show that quantum effects may prevent a phantom era to fall into the big rip singularity [42, 9] .
The outline of this paper is as follows: First, in the next section, we review the Friedman equations in a pure f (R) cosmology. As stated before, there are f (R) models which deal with the dynamics of the Universe before the hot big bang stage. We also mention the necessary conditions for producing an inflationary period. Then in section 3, we introduce our main calculations which are based on dynamical system analysis. Like any other dynamical system, we determine the dynamics of the system by building first order differential equations. Then, we calculate the fixed points and their behavior in terms of a cosmological perfect fluid. The system develops three fixed points which we analyze their properties using the corresponding eigenvalues. The aim is to find the behavior of all fixed points as being sink, source or saddle. In section 5, we introduce two changes of variables in which the dynamics may be demonstrated in a more clear manner. One of these new sets of variables includes w ef f as one of two independent variables and therefore is useful to follow the evolution of the equation of state; what we do in the section 6. The analytical discussions of section 6 are supported by numerical calculations and plots. Section 7 includes a brief discussion about the way phantom controls entropy and energy density. In section 8, we will discuss the results to show their consistency with the general form of an acceptable f (R) theory. Finally, the last section is devoted to our concluding remarks.
Basic Equations
Since we focus on the inflationary period, matter and radiation will be absent in our calculations. For simplicity, we take the reduced Planck mass 1/ √ 8πG = 1. Then the action, in the absence of matter source reads [27, 13, 29, 43, 44] 
From the least action principle, one obtains
where F ≡ df /dR. Considering the FLRW metric, the following equations result [45] 3F
and
In which H is the Hubble parameter. Considering the extra f (R) terms as a perfect cosmological fluid, one can define the effective pressure and density as
which satisfies the standard cosmological perfect fluid equationρ + 3H(ρ + p) = 0, and f (R) = R recovers the standard Friedmann equations if matter sources are added to the equations. We have also the following equation which is the consequence of choosing a flat FLRW background:
In the absence of any matter source, there are two slow-roll conditions [27, 29, 43] 
A successful inflation requires ǫ, η ≪ 1 for sufficient time period (50-60 e-folds) and inflation ends when these conditions fail.
Dynamical Variables, Dynamical Equations
Following [20, 21] we introduce the following dynamical variables
These choices of variables enable us to write (3) as
We have to emphasize that since matter and radiation are absent in our calculations, this relation is only appropriate to use in phantom era and inflation. The end of inflation is determined by an oscillatory attractor, which is almost the inevitable short era coming right after an inflationary period. Using (11), we are able to omit one variable in favor of the two others. Since χ 1 and χ 2 are directly connected to slow-roll conditions (8, 9) we keep them and write (3) and (4) as
where N is the e-folding (dN ≡ d ln a = da/a = Hdt). We must show that our equations are closed with respect to χ 1 and χ 2 . One can write theṘ/6H 3 term aṡ
The term F/RF, R in a f (R) theory is a pure function of R and its final form is completely model dependent. For our case of interest, the extended Starobinsky model which is defined as [46] f (R) = R + αR n ,
one obtains
which requires (n > 1). On the other hand, one can find
where in the last stage we have used f (R) = R + αR n . It is straightforward to infer
where in the last stage we have used χ 1 + χ 2 + χ 3 = 1 to eliminate χ 3 . Using (14), (16) and (18) one finds that for the (15) model, (13) is closed and (13) can be written as
Of course, the closeness of (12) and (13) is a model independent fact but the functionality is model dependent [20] . In our choice of dynamical variables from the model parameters α and n, only n appears explicitly in the equations. The effective equation of state is defined as
where P ef f and ρ ef f have already been defined in (3) and (4).
Fixed Points, Eigenvalues and their Behaviors
Equating (12) and (19) to zero, the fixed points will be obtained as
One can also compute the eigenvalues straightforwardly
These eigenvalues determine the behavior of the dynamical system around the fixed points. Note that although P 1 −P 3 values are independent of n, their eigenvalues, do depend on this parameter.
• P 1 : From the calculated eigenvalues one can infer that P 1 is always a source for n > 1. Since our entire discussions is only valid for n > 1, therefore P 1 remains source in our scope. A closer look reveals more facts abut this point: χ 1 = 1 meansḞ = −HF . Substituting it into (3) one obtains f = F R which is satisfied for n = 1 and has already been excluded from our calculations. Moreover, n = 1 impliesḞ = 0 and again from (3) one concludes that H = 0. In this regard, for achieving R = 12H 2 + 6Ḣ = 0 the system must satisfy the Einstein static universe conditions (ȧ =ä = 0) that is an unstable point and this instability has been attributed to P 1 from the early days of the general relativistic cosmology. One still has a chance to become close to P 1 but the cost is making α smaller and smaller. Therefore, the unstable fixed point P 1 seems less interesting.
• P 2 : The second fixed point P 2 corresponds de Sitter expansion phase. In our n > 1 regime, the eigenvalues always have opposite signs which means that de Sitter point (χ 1 = 0, χ 2 = 2) is always an unstable saddle point. One has to remember that if the particle horizon had exited the inflationary event horizon exactly at P 2 , then the perturbations spectrum on the CMB becomes pure Harrison-Zeldovich, which is not the case.
• P 3 : This point is always a sink since both eigenvalues remain negative for n > 1. One has to note that although the equation of state mimics radiation dominated era (w ef f = 1/3), 0 < w ef f < 1 can also represent an oscillating phase. We do not need to prove this because there are some pioneering works that have already shown that oscillations around R = 0 in a typical f (R) inflationary model marks oscillatory post-inflationary stage and the time average of w ef f is 1/3 during these oscillations ( [47, 48, 49] ). We deliberately avoid using the kinetic dominated term for this point since it resembles free scalar dynamics with w = 1. For our favorite case, the oscillations need to be caused by a potential larger but comparable to the kinetic energy. In terms of f (R) gravity, it corresponds to oscillations around R = 0 [47, 48, 49, 29] . Here, we have to mention a tricky point: R = 0 has been excluded from our range since it makes the (14) ill-defined, our approach is not able to show the ultimate oscillations which must contain R = 0. But we successfully demonstrate the end of de Sitter era and asymptotic motion to the w ef f = 1/3 (R = 0) oscillatory phase. If one is interested to follow the post inflationary dynamics the Jordan frame provides much more suitable platform [29] . It is also worth mentioning that although inflation must proceed radiation dominated era to generate the standard hot big bang, but this transition is not a gravitational process instead is thought to be due to reheating during a short oscillatory period. Moreover, in our formalism, we do not consider radiation since we have set T µν = 0, and the matter field is absent.
Two Auxiliary Phase Portraits
It is constructive to recast the equations using w ef f , since χ 2 = (1− 3w ef f )/2. Then we can move to the χ 1 − w ef f phase plane and plot the stream lines in order to get more information about the dynamics. In this choice of variables, dynamical equations, fixed points and the eigenvalues turn into
The eigenvalues then read
Another useful set of variables are χ 1 and the slow-roll parameter ǫ which can be calculated using (8) as χ 2 = ǫ − 2. In this configuration, one obtains for dynamical equations and fixed points
We frequently switch between these choices of variables, particularly in plotting and interpreting the stream lines, which will be presented in section 8.
Chasing the Phantom
Looking at the (χ 1 , w ef f ) phase plane, the only point we need to discuss is P 2 , which represents the de Sitter expansion. So let us find its properties more closely. As we have inferred earlier, the dynamical equations develop a fixed point at (0, −1) in the (χ 1 , w ef f ) phase plane, and the corresponding eigenvalues are
These eigenvalues never develop a negative real part, simultaneously. More precisely, for n > 1 the eigenvalues are always real with opposite sign. Therefore, in our analysis, the de Sitter point never becomes stable, which is an appropriate result while one is interested in a transient de Sitter expansion period. Still, the eigenvalues have much more to tell: first of all, λ 1 × λ 2 < 0 infers that the de Sitter point is a saddle, attracting some paths repelling the others. The question which arises is that can de Sitter point attract some trajectories from Phantom region w < −1 and push them toward standard cosmological domain with w > −1. To answer this question, one can analyze the field flow in the vicinity of the de Sitter fixed point at (χ 1 = 0, w ef f = −1). Table 1 : This table shows the tangent vector directions around the de Sitter point in the χ 1 , w ef f plane for n = 2. What one concludes from two χ 1 → 0 − columns is that for flows in the left of the de Sitter point is a strictly increasing function of N . In other words, the trajectories in this region start from phantom energy condition w ef f < −1 and move toward w ef f > −1 and particularly to the stable fixed point at (χ 1 = −4, w ef f = 0). It is also clear that for the region which is specified by χ 1 < 0 and w ef f < −1, the de Sitter fixed point appears as an attractor point. All this arguments are supported numerically in the plots.
de Sitter point as a pharos for phantoms: To understand how much a phantom field flow can get close to the de Sitter point at (χ 1 = 0, w ef f = −1), we have to do some calculations. The importance of knowing about this closeness is obvious: The CMB analysis depicts that inflation happens in a quasi exponential regime, much close to the Harisson-Zeldovich scale invariant spectrum. In our language of dynamical systems it means that the phase trajectory of our universe (in the case of having a phantom origin), have had the chance to become very close to the de Sitter point before bending its way toward oscillationary period and reheating. To this goal we derive the necessary conditions for having an increasing w ef f function of N around the de Sitter point.
If one takes into account the auxiliary condition n > 1, then the above inequality reduces to
in which "∧" stands for " and" and "∨" stands for "or". The best choice for our purpose lies in the interval (1 < n ≤ 3) ∧ (χ 1 < 0). This is the only option in which the trajectories may pass the de Sitter point tangentially and reach the stable fixed point at w ef f = 1/3 ( Figure 1) . Surprisingly, the Starobinsky model (n = 2) as the most successful f (R) inflationary model, is exactly at the center of this range. This means that assuming the Starobinsky model for inflation there will be two applicable scenarios for initial condition: the universe might start by putting the initial point close to the de Sitter point which is considered as a fine tuning, or we can imagine an ensemble of phantom flows in which some of them are inevitably pulled by the de Sitter saddle point and pushed to the standard cosmology. The latter does not need fine tuning, instead, one needs to reconcile with the weird phantom properties. For the n > 3 case, still phantomic trajectories cross w ef f = −1 border but the closest distance between their paths and the de Sitter point is n−3 n+1 at w ef f = −1. This interval begins from 0.25 for n = 4 and asymptotically reaches 1 as n grows. So n > 3 is excluded from the phantom originated models of inflation. 
Entropy and Phantom Energy
In this short section, we explore the interplay of phantom cosmology and the behavior of horizon entropy, very concisely. Black hole thermodynamics is a brilliant attempt to invoke thermodynamical concepts to general relativistic geometrical interpretation of time and space [50] . The crucial idea to relate general relativity and thermodynamics stems from attributing an entropy to black holes, proportional to their event horizon area [51, 52, 53, 54] . By this, one can also define an effective temperature for black holes [51, 52, 53, 54] . It is possible to extend this idea to accommodate de Sitter cosmology since, one readily finds observer's event horizon for it [55] . Of course, the situation is more complicated for a general FLRW metric. However, even in a typical FLRW metric, one is able to replace the role of Schwarzschild horizon by apparent or trapping horizons. For apparent horizon one finds for the entropy [56] 
Relation (34) confirms that violating the energy condition p + ρ ≥ 0 leads to a decreasing entropy. This violence of the weak energy condition, of course, is not unprecedented if it happens in a certain time interval, since the same situation happens in bulk viscous stress due to particle production [57] . On the other hand, for the adiabatic expansion of the universe one obtains [44] 
If one defines the deviation from dark energy by b ≡ 1 + w, then one finds
for positive constant A. This equation reveals that for an expanding universe, the only way to increase the dominant ingredient density during expansion is violating the weak energy condition w < −1. So while the phantom energy density increases during phantom epoch, the apparent horizon entropy decreases.
Conclusion
We used the dynamical system approach for the early universe to find the requirements in which a phantom initial condition may evolve to the standard cosmology. As a regular dynamical system method, we introduced appropriate dynamical variables and linearized the Friedmann equations in FLRW background. Focusing on pre-inflationary and inflationary periods helps us to be simple and decisive. The analytical calculations shows that for R + αR n models, 1 < n ≤ 3 fits our desire for the best. Therefore, the starobinsky model can be a stable candidate. Other choices for f (R) may attract paths from the phantom region but the only stable scenario in which n is an integer number and the trajectories can become tangetially close to the de Sitter point is the original Starobinsky model. We discussed that this feature may encourage cyclic universe scenario, since phantom era is able to decrease the entropy for a causal patch while the phantom energy density is increasing. This idea, circumvent the big crunch necessity in a cycle, instead the universe ends in a phantom era and then some regions may evolve trajectories from phantom patch to the de Sitter and the standard cosmology, again. In this proposal, of course, the cyclic destiny happens in some parts of the original patch while other patches have been pushed out of causal link by the phantom. This means that a cyclic universe may realize, somehow, through softening the big bang and the big rip, without requiring them as singularities. Our survey did not include the preheating or reheating processes since their quantum origin keeps them outside the scope of the present proposal and they have received much attention in the literature. Instead, we argued the stable oscillatory fixed point as the appropriate initial conditions for reheating or preheating processes since the Ricci scalar or additional degree of freedom of f (R) models, depending on the choice of frame, start oscillating around the minimum at this point.
All the analytical calculations were supported by numerical calculations and the corresponding plots.
